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Abstract 

In this paper, we obtain some criteria for determining the asymptotic stability of 
the zero solution of nonlinear delay-difference system with multiple delays in 
terms of certain matrix inequalities by using a discrete version of the Lyapunov 
second method. 

1. Introduction 

We consider nonlinear delay-difference system with multiple delays 
of the form 

( ) ( ) ( ) ( ( ) ( ) ( )),,,,,1 1
1

mii

m

i
hkxhkxkxkfhkxBkAxkx −−+−+=+ ∑

=

K (1) 

where ( ) Amhhkx m
n ,1,0, 1 ≥≤≤≤⊆Ω∈ KR  and miBi ,,1,0, K=  



KREANGKRI RATCHAGIT 42

are given nn ×  constant matrices, ( ( ) ( ) xhkxkxkf ,,,, 1 K−  ( ))mhk −  
is a given n-vector nonlinear perturbation function satisfying 
( ) .00,,0,0, =Kkf  

2. Preliminaries 

We assume that the n-vector function nonlinear perturbations are 
bounded and satisfy the following hypotheses, respectively: 
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where 0>il  are constants for .,,2,1 ni K=   

By assumption (2), we know that the functions ( )⋅if  satisfy 

( ) .,,2,1, nixlxf iiii K=≤  (3) 

Fact 1. For any positive scalar ε  and vectors x and y, the following 
inequality holds: 

.1 yyxxxyyx TTTT −ε+ε≤+  

Lemma 2.1. The zero solution of difference system is asymptotic 

stability, if there exists a positive definite function ( ) +→ RRnxV :  such 

that 

( )( ) ( )( ) ( )( ) ( ) ,1:0 2kxkxVkxVkxV β−≤−+=∆>β∃  

along the solution of the system. In the case, the above condition holds for 
all ( ) ,δ∈ Vkx  we say that the zero solution is locally asymptotically 

stable. 

Lemma 2.2. For any constant symmetric matrix ,nnM ×∈ R  

,0>= TMM  scalar { },0/+∈ Zs  vector function [ ] ,,0: nsW R→  we 

have 
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3. Main Results 

In this section, we present the main results of this paper, which 
provides a sufficient condition for the asymptotic stability of the zero 
solution of (1) in terms of certain matrix inequalities. 

Theorem 3.1. The zero solution of the nonlinear delay-difference 
system (1) is asymptotically stable, if there exists the symmetric positive 
definite matrices miWGP ii ,,2,1,,, K=  and [ ]inii lldiagL ,,1 K=  

mi ,,1,0,0 K=>  satisfying the following matrix inequalities: 
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where 
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Proof. Consider the Lyapunov function ( )( ) ( )( ) ( )( )kyVkyVkyV 21 +=  
( )( ),3 kyV+  where  
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miWGP ii ,,2,1,,, K=  being symmetric positive definite solutions 

of (4) and ( ) [ ( ) ( ) ( )].,,, 1 mhkxhkxkxky −−= K  

Then difference of ( )( )kyV  along trajectory solution of (1) is given by  
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where (3) and Fact 2.1 are utilized in (5), respectively. 

Note that 
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From the above inequality, it follows that: 
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( ) ( ),kykyT ψ=  

where 
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By the condition (4), ( )( )kyV∆  is negative definite, namely, there is a 

number 0>β  such that ( )( ) ( ) ,2kykyV β−≤∆  and hence, the 

asymptotic stability of the system immediately follows from Lemma 2.1. 
This completes the proof.  

Remark 3.1. Theorem 3.1 gives a sufficient condition for the 
asymptotic stability of nonlinear delay-difference system (1) via matrix 
inequalities. These conditions are described in terms of certain diagonal 
matrix inequalities, which can be realized by using the linear matrix 
inequality algorithm proposed in [4]. According to F.D. Chen, X.Y. Liao, 
H.Y. Zhu, these conditions are described in terms of certain symmetric 
matrix inequalities, which can be realized by using the Schur 
complement lemma and linear matrix inequality algorithm proposed in 
[4]. 
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5. Conclusions 

In this paper, based on a discrete analogue of the Lyapunov second 
method, we have established a sufficient condition for the asymptotic 
stability of nonlinear delay-difference system with multiple delays in 
terms of certain matrix inequalities. 
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